A. We give necessary and sufficient conditions in terms of potential theoretic properties for a bounded domain satisfying the capacity density condition to be a John domain, a uniform domain and an inner uniform domain, respectively.
rectifiable curve γ such that (1) δ D (y) ≥ c J (γ(x, y)) for all y ∈ γ, where γ(x, y) and (γ(x, y)) stand for the subarc of γ connecting x and y and its length, respectively. In general, 0 < c J < 1. A John domain may be visualized as a domain satisfying a twisted cone condition. We say that D is a uniform domain if there exist constants A and A such that each pair of points x, y ∈ D can be joined by a rectifiable curve γ ⊂ D such that (γ) ≤ A|x − y| and (2) min{ (γ(x, z)), (γ(z, y))} ≤ Aδ D (z) for all z ∈ γ.
See Gehring-Martio [15] , Gehring-Osgood [16] and Väisälä [25] . Let 0 < c < 1. (2) . This definition is due to Bonk-Heinonen-Koskela [11] . They showed that an inner uniform domain is a Gromov hyperbolic domain. The inner diameter metric or internal metric ρ D (x, y) is similarly defined by ρ D (x, y) = inf{diam(γ) : γ is a curve connecting x and y in D}, where diam(γ) denotes the diameter of γ. We say that D is a uniformly John domain if there exists a constant A > 1 such that each pair of points x, y ∈ D can be connected by a curve γ ⊂ D with (γ) ≤ Aρ D (x, y) and (2) . This definition is due to Balogh-Volberg [8, 9] . Obviously Though we used the terminology "uniformly John domain" in the previous paper [4] , we shall use "inner uniform domain" in this paper, since it is closely linked with uniform domains than with John domains (see Theorems 2 and 3 below). Now we consider potential theoretic properties and their connections to the above nonsmooth domains.
Definition 1.
We say that a domain D enjoys the uniform BHP if there exist constants A 0 , A 1 > 1 and r 0 > 0 depending only on D with the following property: Let ξ ∈ ∂D and let 0 < r < r 0 . Suppose u and v are positive harmonic functions on D ∩ B(ξ, A 0 r), bounded on D ∩ B(ξ, A 0 r) and vanishing on ∂D ∩ B(ξ, A 0 r) except for a polar set. Then
In [1, Theorem 1], we proved the following.
Theorem A. A uniform domain satisfies the uniform BHP.
We shall give a converse of Theorem A. The definition of a uniform domain is very sensitive about the boundary; if we remove a closed polar set from the domain D, then D may not be a uniform domain, whereas the uniform BHP remains to hold. So, we need some additional assumption on the boundary in order to obtain a converse. The following capacity density condition (abbreviated to CDC) is reasonable and widely known.
Definition 2. By Cap we denote the logarithmic capacity if n = 2, and the Newtonian capacity if n ≥ 3. We say that the CDC holds if there exist constants A > 1 and r 0 > 0 such that
whenever ξ ∈ ∂D and 0 < r < r 0 .
See Armitage-Gardiner [7, Chapter 5] for the definition and the properties of capacities. Since Cap(B(ξ, r)) = Ar if n = 2 and Cap(B(ξ, r)) = Ar n−2 if n ≥ 3, we can rewrite the above condition as
It is easy to see that if the volume of B(ξ, r) \ D is comparable to r n , then the CDC holds.
Remark 1. The CDC can be also stated in terms of Green capacity. Let U be an open set with Green function G U , i.e., for each fixed y ∈ U, −∆G(·, y) = δ y in U in the distribution sense and G(·, y) vanishes on ∂U except for a polar set. The Green capacity Cap U (E) for a Borel set E ⊂ U is defined by
In the usual way Cap U (E) extends to a general set E ⊂ U. Then the CDC holds if and only if
In the previous paper [1, 2, 4] we adopted this characterization. This has the advantage of unified treatments of the cases n = 2 and n ≥ 3. For example Cap B(ξ,2r) (B(ξ, r)) = Ar n−2 for n ≥ 2 with A depending only on the dimension n. See also the capacitary width in Lemma 2 below.
Remark 2. If D satisfies the CDC, then D is regular and the assumption on u and v for the BHP becomes that u and v are positive and harmonic on D ∩ B(ξ, A 0 r) and continuously vanish on ∂D ∩ B(ξ, A 0 r). In the sequel, we assume the CDC and use this simplified assumption.
Ancona [6, Lemma 3] showed that the CDC has an equivalent formulation in terms of harmonic measure. We write ω(·, E, U) for the harmonic measure over an open set U of E ⊂ ∂U, i.e., ω(·, E, U) is the Dirichlet solution in U of the boundary function χ E (see e.g. [7, Chapter 6] ). The CDC holds if and only if there exist constants β > 0, A > 1 and r 0 > 0 such that
whenever ξ ∈ ∂D and 0 < r < r 0 . See also [2] for the connection to the Dirichlet problem. Under the assumption of the CDC, we can characterize a John domain, a uniform domain and a uniformly John domain in terms of potential theoretical properties.
Theorem 1. Let D satisfy the CDC. Then D is a John domain if and only if there exist constants
Remark 3. In general, 0 < β < 1 < α. If D is smooth, then we may let α = β = 1.
The following theorem includes a converse of Theorem A. A ball of center at a boundary point with respect to the internal metric becomes a connected component of the intersection of a Euclidean ball and the domain ([4, Lemma 2.2]). So, we arrive at the following version of the uniform BHP, which is a property weaker than the uniform BHP. 
Theorem 2. Let D satisfy the CDC. Then D is a uniform domain if and only if the uniform BHP
In [4, Theorem 3.1], we proved the following.
Theorem B. An inner uniform domain satisfies the uniform BHP with respect to the internal metric.
The following characterization includes a converse of Theorem B.
Theorem 3. Let D satisfy the CDC. Then D is an inner uniform domain if and only if the uniform BHP with respect to the internal metric and (5) hold.
It is known that a finitely connected planar domain without singleton boundary components satisfies the CDC. Hence we have the following corollaries. (5) hold.
Corollary 1. Let D be a bounded finitely connected planar domain. Then the following statements hold: (i) D is a John domain if and only if (5) holds. (ii) D is a uniform domain if and only if the uniform BHP and (5) hold. (iii) D is an inner uniform domain if and only if the uniform BHP with respect to the internal metric and

P  T 1
We define the quasihyperbolic metric k D (x, y) by
where the infimum is taken over all rectifiable curves γ connecting x to y in D. We observe that the shortest length of a Harnack chain connecting x and y is comparable to k D (x, y). Hence, in view of the Harnack inequality, there is a positive constant A 4 depending only on the dimension n such that
for every positive harmonic function h on D.
Proof of Theorem 1. Necessity. Suppose D is a John domain with John constant c J and John center x 0 . Let ξ ∈ ∂D and 0 < r < r 0 and let
By definition we find a rectifiable curve γ connecting x and x 0 such that δ D (y) ≥ c J (γ(x, y)) for any y ∈ γ. Let x * be the first hit of γ to S (ξ, r). We observe that
with α > 0 depending on D by (6) . Hence (5) follows.
For the sufficiency we prepare the following two lemmas. gives
Lemma 1. Suppose D satisfies the CDC. Let
where the second inequality follows from the CDC applied to ζ and r/3 in place of ξ and r.
The following lemma ([1, Lemma 1]) includes a crucial estimate.
For an open set U ⊂ R n we define the capacitary width w η (U) by
where Cap stands for the logarithmic capacity if n = 2, and the Newtonian capacity if n ≥ 3.
Then there is a positive constant A depending only on η and n with the following property: if x ∈ U and R > 0, then
. 
Then (5) gives
Let 2ε be the right hand side and let U be the connected component of {z ∈ D ∩ B(ξ, A 6 δ D (x))) :
. Hence, the maximum principle yields
We claim that there is a point y ∈ U with δ D (y) ≥ 2δ D (x), provided A 6 is large. Suppose, to the contrary,
Then the CDC implies w η (U) ≤ 4δ D (x) for some η > 0. In fact, for an arbitrary point y ∈ U,
follows from the homogeneity of Cap and the definition of the CDC that
On the other hand
Hence, A 6 cannot be so large. In other words, the claim follows with sufficiently large A 6 . Since U is connected, we find a curve xy ⊂ U connecting x and y. Let z ∈ xy. Then Lemma 1 implies that
Thus the theorem is proved.
P  T 2
The BHP is closely related to the so-called Carleson estimate. D ∩ S (ξ, A 0 r), D ∩ B(ξ, A 0 r) ) and apply the BHP to u and Ω. Since Ω(x) ≤ 1, it follows from the BHP and (5) that
Thus the lemma follows.
In the next lemma we give an upper estimate of the Green function G D (x, y) for D. This is a crucial step of the proof of Theorem 2. The main idea, a repeated application of the mean value property, comes from [2, Lemma 2] . From now on we suppress the subscript D and write G for the Green function for D for simplicity.
Lemma 4. Suppose that the CE and the CDC hold. Then there is a positive constant
Proof. We may assume that
Obviously, {M j } is a nonincreasing sequence. We claim that there are positive constant κ < 1 and positive integers k and j 0 such that
2−n with constant comparison depending only on j 0 , it follows from the claim that
so that the lemma follows. Now we prove the claim. Let u = G(x, ·). Take z ∈ D\D j with sufficiently large j. It is easy to see that if k is sufficiently large (depending only on
where z * is the point on the line segment zξ such that |z * − ξ| = (8A 7 ) −1 δ D (z). Here the second inequality follows from (7), since z * ∈ B(z, (1 − (16A 7 ) −1 )δ D (z)). By the maximum principle
so that the CDC implies that
−1 . Letting ε be sufficiently small, we may assume that
Let w i ∈ zξ be the point such that |w i − ξ| = (3 + i)εδ D (z) for i = 0, . . . , N 1 with N 1 being the greatest integer such that (3 + N 1 )ε ≤ 1. Then we observe that there is an integer
. Hence the mean value property for harmonic functions yields u ≤ κ 1 M j−k−l on B(w 1 , εδ D (z)), where κ 1 < 1 depends only on ε and the dimension n. Repeating this procedure, we obtain u(z) ≤ κM j−k−l with κ < 1 depending only on N 1 , ε and n. Since z ∈ D \ D j is arbitrary, it follows that M j ≤ κM j−k−l . Thus the claim with k + l in place of k follows in this case. See Figure 1 . 
By elementary geometry, we can find consecutive balls B(z i , 4
Here the number N 2 of balls depends only on n. Then we observe that there is an integer l ≥ 1 (possibly larger than that in Case 1) such that 
−1 εr) ⊂ D, then this follows from the usual Harnack inequality. Otherwise, we find ζ ∈ ∂D such that |ζ − ζ| < (3A 0 ) −1 εr. Observe that
Hence, u and v are positive harmonic functions on D∩ B(ζ , εr/2) vanishing on ∂D∩ B(ζ , εr/2), so that the BHP implies (8) Let us observe that a uniform domain is characterized in terms of the quasihyperbolic metric as follows: D is a uniform domain if and only if there are positive constants A and A such that
Proof of Theorem 2. The necessity follows from Theorems A and 1. Let us prove the sufficiency. Suppose the uniform BHP and (5) hold. Let x, y ∈ D. We shall prove (9) . Without loss of generality we may assume that δ D (y) ≤ δ D (x) and δ D (x) is sufficiently small. Suppose first |x − y| ≤ 
Hence, (5), Lemmas 3 and 4 yield
Since R ≈ r, it follows that
The same inequality holds for y in place of x, and hence
Thus (9) follows. The theorem is proved.
P  T 3
The necessity is given in Theorem B. So, we have only to show the sufficiency. Since the proof can be carried out almost analogous way to that of Theorem 2, we give only a sketch. The same arguments as for Lemmas 3 and 4 give 
